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ABSTRACT

We apply the Floquet method to study the inter-
action of a monocromatic periodic field with a crystal.
In particular, equations for the field modified bands and
for the transition probabilities among them are obtained.
An application is presented to investigate the role of
intermediate states in two-photon absorption in a model
crystal. Qualitative comparison is made with experiment.

RESUMO

Aplicamos o método de Floquet ao estudo de intera-
¢Oes de um campo peribdico monocromético com um
cristal. Em particular, equagdes para as bandas de energia
modificadas pelo campo e para as probabilidades de tran-
si¢do entre elas s3o obtidas. Apresentamos uma aplicagdo
na qual o efeito de estados intermedidrios na absorgdo de
dois fotons num cristal modelo é investigado. Apresentamos
comparagdo qualitativa dos nossos resultados com a expe-
riéncia.

1. INTRODUCTION

Electromagnetic radiation has been an important
tool in the study of the properties of matter. The develop-
ment of lasers opened new perspectives due to the gene-
ration of new phenomena originated by intense radiation
fields. There has been extensive studies concerning the inte-
raction of laser fields with atoms, molecules and, in less
extension, with solids [1-5].

The theoretical approaches may be generally divided
in two groups: perturbation theory and “non-perturbative™
methods. Although oversimplified, this classification helps
the discussion of the present situation. Perturbation theory
is adopted when the eletromagnetic laser field may be
considered a perturbation to the internal fields of matter.

If one considers intense fields, perturbation theory,
even in high order, does not converge properly and is quite
complicated. An alternative approach are the so called
“non-perturbative” schemes which try to avoid the intrinsic
difficulties of high order perturbation theory by treating
approximately the field in all orders. Many recent experi-
mental results must be interpreted in the light of these late

" approaches [6—8], which have been mainly developed to
study non-linear processes involving laser interaction with
atoms and molecules.

Keldysh [9] was the first to try to describe an
“exact” S matrix, by approximately incorporating in the
initial and final states of an electron in a solid, the effect
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of the electromagnetic field in all orders. Unfortunately
this method, which leads to simple analytical results cannot
be justified from first principles. Modifications to this
scheme have been suggested in the literature but all suffer
some formal difficulties [10—12].

A treatment used successfully in atoms and molecules
is the Floquet method [5—13] which treats the interaction
of a quantized system with a time periodic eletromagnetic
field. The solution of the time dependent Schrodinger equa-
tion may be obtained from an infinite time independent
matrix (Floquet’s matrix).

In this work we develop a “non-perturbative” scheme
based in the Floquet meéthod, to treat the interaction of
light with solids. Due to the multiple periodicities of the
Hamiltonian, this method applied to solids generalizes natu-
rally the Bloch approach for the cristalline structure gene-
rating Brillouin zones in higher dimensions and offers an
immediate interpretation for modifications in the band
structure of the solid due to the field. The time evolution
operator is easily calculated from the Floquet’s matrix
leading to the inter bands transition probabilities.

The derivation in Sec.2 is the Floguet version
of the field. quantized approach developed earlier by the
authors [14]. In Sec. 3" we apply the method to investigate
the role of intermediate states in two-photon absorption
in solids.

2. THE FLOQUET METHOD

The Floquet formalism is applied below to treat
the electronic excitations induced in a solid by laser light.
The total time dependent Hamiltonian in the dipole
approximation is

b d 1 - - 2 >
where atomic units, ¢ = h = m = 1, have been used and
a=1/137.

For linearly polarized light the vector potential A(t)
may be written as

A (1) = — A coswt. )
If one considers a crystal potential which has spatial

periodicity @, it is obvious that the Hamiltonian (1) satis-
fies, with 7 = 27/ w,

H(i’+5:t+r)=ﬂ(§2,t). 3)
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The electromagnetic field may be formally incorpo-
rated in the crystal potential by an unitary transformation
0 such that

- . t - >
V(x, t)=exp—i [fo ap.A)dt +

+E O] 4G 9=0 08 R0, @

The time dependent Schrodinger equation satisfied
by ¢ is

[222- +VE 18R 0=1 2 30 (5.2)
where
V(X )=V(X+a f; A (t) dt), (5.b)

is the transformed potetllial which has space-time perio-
dicity. The potential V’(x, t) may be expanded in a gene-
ralized Fourier series

V’(_)z, t)= 62 Va N exp {i(ﬁ X— nwt)]. (6.2)

n E
’ »

In this equation, V@ incorporates the coeficients
V@ of usual Bloch expansion in terms of the reciprocal
lattice vectors and those related to the Floquet index n:

_ o > >
Ve o~ Vel (564 (6.b)
The solutions of Eq. 5.a may be conveniently ex-
panded in Bloch-Floquet components given by ’

¢ (X =exp[i(K.X-qt)lu (X0, (7a)
qk qk
where R has space-time periodicity:

v (x,t)= gjn vy expli @.X-nwt)]. (7.b)

In Eq.7 (q, T(’) belongs to a four-dimensional volume

where -l_c), the wave vector, is in a three dimensional Brillouin
zone and q, usually called the quasi-energy, may be chosen
in the range 0 < q < w. N

The coefficients ug  depend on (q, k) and obey
the following equation:

<Gn|H(¥)I 6’n’>"u82;n, (T<’)=quan (%) | ®)

where i
<GanlHE(XK)IG,w>= V& onw |

1 —-> —)2
+ o [(k+G) —nw]S-G>—G>,,8nn’ )

QUIMICA NOVA 11(1) (1988}

are, by definition, the components of the so-called “Flo-
quet Hamiltonian” in the basis {Ia,n >% . The Bloch-
Floquet states fully incorporate the symmetries of  the
original Hamiltonian: G and n are associate to the eigen-
values of the discrete space translations of the lattice vec-
tors- and time translations of period r, respectively. In
the X,t representation these states are proportional to
exp [1(6 X — nwt)].

It is clear that ug, (q) =<@&,n]| g0 > are the com-
ponents of the eigenvectors |q0 > associate to the eigenva-
lues q’s, in the range (0,w). From Egs. (8) and (9) one
can imediately show that

o0
m>= ¥ |G,2> =
la 02! “Go-m

- -
=21G,8><GL-miq0> (10)
are eigenvectors of Hp with eigenvalues q + mw. Therefore

the expansion coefficients of |gm > in the basis |6, £>sa-
tisfy the translation properties

an

The transition probability between a valence band
state | g, > and a conduction band state | og > is given
in terms of the time evolution operator U(t, t,), by

<G,2lgn>=<G,2-mlig0>=u
6Q—m

P, (tt)=1< ¢ | U(t,t) Ivﬁ, > 2. (12)
The initial and final states are Bloch functions which-

can be expanded as: '

> > -

- = oik X iGX. ‘
<x|b,>=2% Z be : 13

6> 2 (13)

The transition amplitude is expressed. in terms of the

Floquet Hamiltonian and of its eigenvectors. The calcula-

tions are presented in the Appendix and one has

<c, UMt ) Ivs >=[ Z

e (tt5) | i 2

% c*al v(_:',2 <

S,I,0
G, n (e HF(-t0) 13, 0>
> -
aA .
xJg ( ° (& +K) )el(s—n)th ( o .G, +
w ' w

I ya—irwt
+k))e 0] ST()T()’.“ (14)
where J_ is the Bessel function of order n.

Tﬂe transition probability expressed by Eqs. 12 and.
14 depends on t,, the initial time, or yet the initial phase
of the field. Since this parameter is not fixed experimen-
tally, an average over t, is performed, keeping the inter-
action time (t — ty) constant. Therefore one has '

1 2

m §,3G
G, n | eHF_p,Xt—to) 1G,,0>

PV“'*C

1G2np
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XJptn l))Jp—m

(15)

The assymptotic behavior of the- transition probabi-

lity is conveniently calculated using the Laplace transform
given by

P, (K)=1m, % 12 d(t - to) exp

B | ) 16)

The quantity I' has dimensions of time and may
be interpreted as the average relaxation time of the system.

Following Thomas [15] the average probability is

P (K)= zscq - (17.2)
where

S =21 I ¢, <Gi21q0>T

C - —N

TN g e

ok

(To (E)+al)) 2, (17b)

and qu is expressed similarly replacing c by v.

3. TWO-PHOTON PROCESSES IN SOLIDS

In order to investigate the role of intermediate reso-
nances in multiphoton processes in solids, we consider
two-photon processes in a model crystal such that an inter-
mediate resonant state may be reached by proper tuning
of the laser frequency. This calculation is motivated by
the measurements in Cu, O [16] under strong pump field
which indicates that the direct two-photon absorption coef-
ficient is weakly enhanced by intermediate exciton reso-
nances.

The purpose -here is to present qualitative arguments
justifying the role played by intermediate state, therefore
we choose a simple model potential, of the Kronning-
Penney (KP) type, to describe the solid:

V(z)=—0aZ § (z— ma) (18)
m

where a is the lattice parameter and o the potencial strength.

Calculations are performed for o = 0.3 and we diago-
nalize the Hamiltonian following Ref. 14. The bare KP
spectrum is shown in Fig. 1. Transitions between the lower
(v) and upper (c) bands are studied in the frequency range
w1 € w < w, shown in the same figure. The intermediate
state resonant situation occurs at w = w,, with absorption
of two-photons.
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Fig. 1 — Undressed energy bands of the Kronig-Penney model in a
truncated basis with 3 reciprocal lattice vectors and corresponding
to the potential strength 0 = 0.3. The energy is given in units
of € (see text). Some two-photon transitions are schematically
indicated by arrows.

The experimentally accessible quantity for the v—>c '
transition is the total time average probability:

Pr(w) =P, (k) % dk 19)

In Fig. 2, this quantity is plotted as function of the laser
frequency for two different amplitudes of the field, which
is characterized by the parameter

eaE

X=—2 (20)
me

where E, is the elegtric field amplitude and € = 27* 1 /ma®.

Antonetti et al [16] have observed a small enhace-
ment factor, of the order of 3, in Cu, O, using a fixed pump
laser with hew x 2eV and intensity I, =~ 10'! W/cm?, which
correspond to X =~ 0.1 (Fig. 2b). The intermediate state
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Fig. 2 — Integrated time-average transition probability between
bands v and ¢ as a function of w/wy for field amplitudes X = 0.01
(ayand X = 0.1 (b).

resonance was reached experimentally by varying the tem-
perature.

A qualitative interpretation of their resuits is ob-
tained analising Fig. 2, where it is clear that the transition
probability at resonance (w,) is considerably modified with
respect to a “background” value (wt) which corresponds
to about 10% detuning in frequency. A measure of this
modification may be obtained defining an enhacement
factor

n= PT(OJI)/P T(“"b) 21

and taking arbitrarily wp/w, = 0.9. For X = 001, =~ 50
while for field values compatible with the experimental
conditions | 16 |, n = 4, which corresponds to a relatively
weak enhacement, as obtained experimentally.

4. CONCLUSIONS

The Floquet Method provides an adequate non
perturbative formalism for the study of the interaction of
light with solids. It also allows the calculation of the quasi-
energy spectrum of bands in the presence of a laser field,
which is useful in understanding several properties of the
physical system.

Although this method leads to results. equivalent
to these obtained from a field-quantized approach derived
recently [14], the presentation in Sec.?2 is based in the
standard derivations, and the connection with the classical
Floquet method is straightforward [13,17].

The simple example in Sec. 3. ilustrates the poten-
- tiality and flexibility of the method, but for a quantitative
comparison, more realistic models for the crystal potential
must be considered.
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Appendix A
The time evolution operator may be expressed as

Ult,to) = 0(U'(L,t,)0 " (t,) (A1)
where 8 is defined in Eq. 4 and
Utty)= Z 19 ;()><¢ ?(t°) | (A2)
q

gk &K

where the state |¢qk(t) > is defined from the wave func-
tion ¢ql—(>(i’,t) =<x | oG (®)>
From Egs. 7.a and 7.b one has

| = —i(q + nw)t TS
(V) > g’n vy e IT+¥>  (A3b)

where | G + K > is a quasi-momentum eigenstate of the
lattice.
Substituing Eq. A.3 in A.2 and using Eq: 10 one has

Utty) = z IG+%k><C,n ! gm
qma’nm
>e~Hq-mew) (t-tg) < gm 10 >einwt <
<G+KI. (A.42)

From the definition of the Floquet Hamiltordan, the
time evolution operator U’(t,t ;) may be expressed as:

Utt)= = 18+K><Cnlexp [ —iHg(t—t )]
* RCn B

G o>e Wt B 4, (A4b)
The initial and final states can be expand as:
lvo>= Zv, IG+k > AS
E» 6 La (A.52)
(A5b)

le,>= 32 ¢, IG +K >.

¥~ 3%
FromEq.A.l,usingI=ZaT€|a+f><6+fl,onehas
<co, 1U(t) Iv, >= z
T U Iy s

x <Gy +¥, 1U(t1,) 1, +K, ><C, +
K2 1072(t,) by, > (A.6)

The first and the last term in the RHS of Eq. (A.6)

may be easily evaluated since | G+K >isan eigenstate
of the operator p:
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A Lo
i G+

<c,B(t) G+k >=°-"_1¢(t)cbexp [i Ao (6 k)

k aw

senwt ]
(A.7a)
where
ot) =a {,t A2 (thar. (A.7b)
It is possible to expand (A.7) into a Fourier series:
18, +K, >=e¥ % =
<cl_(>|0(t) G, +K, > cg, 2
ok s |
J (—2. (@, +K,) )i, , . (A8)
N HCETA) s

The common phase =1V cancels out the in tran-
sition probability calculation and is omitted below. From
Eq. A4b

<GB, +K; 1U(t1) 1C; +K, > =2
n
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